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Format/description: Thisisacomplete four-year secondary school mathematics curriculum for dl
gudents. Mathematical modeling, including the modeling process itsdlf, isa centrd focus throughout the
curriculum. In addition, amgor god of the curriculum is the development of higher order thinking skills
rather than just Agetting answers.i Such skillsinclude the ability to transfer ideas from one context to
another and make connections between mathematicd materid as well as materid in disciplines outsde
mathematics. Thisis an integrated curriculum in that traditiond disciplines of mathematics are tightly
woven together; the boundaries between them are blurred, and there is a successful attempt to unify the
various content areas of mathematics. Each grade level contains seven or eight units. Each unit
develops mathematica content materia by focusng on acentra unit context, such as animation or secret
codes. Additiond gpplications of the mathematical content are often included within the unit. Each unit
begins with students viewing a video segment (provided) designed to be a motivator and for setting the
context for the unit. Also, the student materias begin each unit with aunit opener which isintended to
pique student interest and set the tone for the unit. Each unit is divided into four to seven lessons.
Individua lessons typicaly take severa daysto complete. Each lesson begins with alesson opener
which lists key concepts presented in the unit and preparation reading which focuses the context for the
lesson. Moreover, this section of the lesson raises issues and encourages students to ask questions
concerning the unit context. Following the unit opener, each lesson is usudly divided into severa
activities. Each activity includes work to be done by a pair or group of students as well as work
designated asindividual work. Student materias include unit summaries which contain work
intended for reviewing each unit of materid and Amathematicd summaries) which contain overviews of
the mathematica content of the unit aswell as a glossary of mathematical terms contained in each unit.

The annotated Teacher Edition for each Course contains a unit overview ligting the mgor mathematica
themes, where they gppear in the unit, averba overview of the unit context, relaions of the unit to
disciplines outsde mathemétics, list of materias needed, and teaching suggestions for presenting the



context as well as additiona background information. For each lesson, it contains suggested pacing, a
description of the lesson purpose, list of materia's needed, and additiona suggestions for approaches to
the lesson. For individud activities, it provides notes to help guide students through the materids,
suggestions for where to include additional materid and reduced transparency masters as well as
suggestions on where to use them. For the unit summaries, it contains suggestions on how to review
skillsand concepts. The Teacher Resource package includes suggestions on how to use the video
segments and lesson by lesson supplementa information and suggestions. 1t dso provides additiona
background reading and software information. It includes handouts, supplementa activities, assessment
problems, and transparencies with suggestions for their use. In addition, it contains Unit Projects which
typicaly draw on dl conceptsin the unit. A collection of assessment problemsis dso included.

Pedagogy:  Thecurriculum delivery focusis on sudent learning. All materids are written in away
that stresses active student participation. Students spend their class time working in pairs or groups and
individualy, aswdll as discussng materid asawhole dass. Students are consistently asked to explain
their reasoning and support their conclusions, as well as focus on the process of mathematicd modding.

Differencesin interest and performance are accommodated through the individua work thet variesin
difficulty and through the use of the supplementary activities and projects. See the various teacher
materias that accompany the curriculum for more detall.

Technology: The use of technology is afundamental component of the curriculum. Thet is, graphing
cadculators, spreadsheets, geometric drawing utilities and software written specificaly for use with this
curriculum are used frequently. Not al technology is necessary for every unit. Moreover, it may be
possible to modify some units when technology is unavallable. However, graphing calculators are
essentid. Technology is used for purposes of tedious caculation, for smulation, and for stressing
relationships between various representations of concepts. 1t does not replace understanding with the
sensaless execution of a sequence of buttons.

Assessment: A wide variety of assessment problems including many which are open-ended are
provided in the Teacher Resource package. Suggestions for their placement are contained in the
Teacher=s Edition of the student materials so that assessment may be embedded.

Content Overview:  Thefirgt four NCTM Standards. Mathematics as Problem Solving, as
Communication, as Reasoning, and Mathematical Connections are addressed heavily in every unit.
Students are congstently asked thought-provoking questions and required to explain their reasoning,
especidly in the context of the process of mathematica modding. Many questions are open-ended
and/or require creetive solutions. Students develop the ability to make conjectures, design criteria, and
establish assumptions about amodel. Referring to previous contexts often makes connections between
the units. In doing so, students can see the vaue of mathematica abstraction in the sense that
mathematicd ideas can be useful in many contexts. In addition, the varying contexts serve to illuminate
advantages of various attributes of amathematical concept. For example, students are continually
asked to describe the advantages and disadvantages of different representations of aconceptin a
context. The contexts have been carefully chosen to gpped to the students without diminishing the
importance and usefulness of the mathematics; indeed, the contexts heighten the usefulness of the




conceptsin our present era. Students become acquainted with mathematica definitions and terminology
in the course of solving problems.

The curriculum may be described using five strands: algebr a/number /function,
geometry/trigonometry, statistics/probability, discrete mathematics, and logic/reasoning. We
reiterate that thisis an integrated curriculum and one of the advantages of such an approach isto
develop mathematics as a unified body of knowledge. These strands are used for descriptive purposes
only. Indeed, some content may seem to be misplaced in the description below. However, when
concepts are developed together, it is sometimes very ingppropriate and defeating to sever their
linkages. Furthermore, some topics could be presented under more than one heading. However, for
the most part, the decision was made to place them under only one heading. For ease of reading, the
description below does not necessarily present the topics in the order in which they appear within each
grade. Findly, some review and additiond practice occurs often in the materid. For example, solving
quadratic equationsis first encountered in Year 1. However, it isaso practiced in the last unit of Year
2. Such reviews are not mentioned in the following description.

Course 1l

Algebra/number/function:  Students will understand the concept of afunction as away of
Atrandformingll objects. They will dso understand the concept of function as a set of ordered pairs and
as amethod used to creste a single output from agiven input. They will be able to represent functions
using words, tables, graphs, symboalic expressons, including the use of the notation f(x), and arrow
diagrams. They will know some advantages and disadvantages of each representation. They will be
able to use matrix addition asaway of transforming severd inputs a once. They will understand the use
of the function concept to express a pattern. They will be able to determine the domain and range of a
function in various contexts. They will understand the meaning of and be able to create Aequivdent
expressions{ asilludrated, for example, by the digtributive law. They will understand the vaue of
equivaent expressonsin showing, for example, that multi-step descriptions may be equivdent to less
complicated or shorter processes. They will understand and be able to use the concept of an inverse of
afunction and the role the order of operations plays in describing the inverse of certain functions. They
will understand the role of the concept of function in terms of to view coding information. In fact, they
will undergtand and be able to model and represent, in many ways, severd types of coding including the
Ashift cipher(l (trandation) the Astretchil cipher (dilation), a combination of the latter two (forming alinear
function), and aAkeyword@ cipher usng matrices. They will aso mode their own codesto satisfy
certain criteria. They will be able to use their knowledge of these codes, frequency distributions of
letters, and trial and error to Abreak@ some unknown codes. Students will understand and be able to
use two forms of equations of lines: the slope-intercept form: y=mx +b; and the point-slope form: y=
m(x-h) + k (or, equivdently, y-k = m(x-h)). They will be able to interpret the concept of dope
geometricaly (asthe Atiltd of the line), proportiondly as Dy/Dx, and contextudly (in words). They will
understand the relationship between the Sgn of the dope and thettilt of the line and they will know that
horizonta lines have zero dope. They will be able to interpret the concept of y-intercept geometricaly
and contextualy. They will know how changing the vaues of m and b in the dope-intercept form of the



equation of aline afect the graph of theline. They will be able to move fredy from linear graph to linear
equation and from linear equation to linear graph. They will understand that equivalent equations refer
to equations that have the same solutions. They will have dgebraic and geometric Strategies for
determining whether or not two linear equations are equivadent. Studentswill model mation, particularly
linear motion, in one and two dimensions. They will understand and be able to use the concept of
(constant) rate of change in severd contexts, including velocity. They will be able to associate the
termsrate of change with the dope of aline describing displacement. They will undergand that
modeling motion requires aAreference system, ! such as a coordinate plane. They will be able to mode
motion of apoint in the plane usang a discrete modd with recurrence relations (current location =
previous location + disolacement). They will aso be able to model motion using continuous models
involving parametric equations. They will be able to compare discrete and continuous models. They
will be able to describe the path of an object, which is determined by linear parametric equations, by
using a least two drategies to diminate the parameter and obtain alinear function of the formy = mx
+b. They will be able to create Atime serie graphs for the motion of a point described by parametric
equations. They will be able to explain the role of the Acontrol numbers) a, b, ¢, and d, inthe
parametric equations X = ax +b and y = cx + d. They will be able to move from Aadditivef) recurrence
relations (such as Peurent = Pprior + 28) to closed-form linear functions and vice versa. They will have a
least two Strategies for solving a system of two linear equations. They will be able to use matrices,
matrix addition and scdar multiplication to moded the movement of severd points a once. At least one
of these mode s will combine matrices and parametric equations. In addition, they will be ableto
represent growth and decay in time series graphs using models involving additive recurrence relaions
and moddsinvolving Amultiplicatived recurrence relations (such as Peurent = (1+1)Porior)- They will be
able to move from multiplicative recurrence relations to closed-form exponentia functions. They will be
able to explain therole of the control numbers a and b in equations of the formy = ab* and y=a(1+b)*
with regard to the shape of the graph of this equation and in contextual Situations. They will know, be
able to use, and be able to explain the difference between the terms relative rate of growth and
growth factor. They will recognize that exponentia functions are usudly vauable in modding Stuations
that contain an assumption that the amount of change in a quantity is proportiona to the amount present.
They dso will have some Srategies for spotting exponentid relationshipsin data. Moreover, they will
have dgebraic drategies for fitting exponentia functions to two data pointsin the plane. They will have
developed contextua (combinatoria) explanations and interpretations for the laws of exponents.
Students will have conducted sensitivity analysis in both modesinvolving linear functions and models
involving exponentid functions. They aso will have explored how scale changes and trandation shifts
affect the functions both agebraicaly and graphicaly in modesinvolving linear or exponentia growth.
In generd, sudents will be able to discuss advantages and disadvantages of closed-form and recurrence
relations. In addition to analyzing Situations using closed-form and recurrence relations, students will
have been introduced to the additional tool of simulation and used it in at least one scenario involving a
probabilistic mode which goes beyond deterministic dgebraic andysis. Students will understand usud
functiond notation, such as p(1988) and conjoined inequdities, such as 15#p(1988)#20. Students will
be able to compare two quadratic expressions using severa specific test values, graphs or tables, and
symbolic manipulation to determine whether or not they are equivdent. They will be able to convert the
generd form of aquadratic function (y=ax’+bx +c) to vertex form (y=a(x+h)?+k), and vice versa. They
will be adle to explain therole of the control numbers a, b, and ¢ in the generd form of a quadratic



function by examining transformations (vertical and horizonta trandations and Aflatening/dongatingd).
Students will explore strategies for solving a quadratic equation. In particular, they will utilize aAzoom-
and-trace) gpproach with a cdculator on the graph of the quadratic function. They will dso consider
zooming in on a spreadshect table to ook a a more confined range of vaues. In addition, they will
solve quadratic equationsin vertex form using arrow diagrams. They will dso solve quadratic equations
symbalicaly by completing the square and using the quadratic formula.

Geometry/trigonometry: Studentswill understand and be able to use the concepts of scale and
conversion of units. They will dso understand the term scale factor. They will be able to expressa
converson symbolicaly asy = cx. They will understand similarity between two one dimensiond or
two two-dimengiond figures in terms of a comparison of the distance between any pair of pointsin one
figure and the distance between the corresponding pointsin the second figure. That is, if two figures are
gmilar, thereisacongant s such that given any pair of pointsin the first figure, DR = sDM, where DM is
the distance between the two pointsin the first figure and DR is the distance between the corresponding
points. They will know that the latter constant sisascalefactor. They will also understand that figures
are smilar if the relative size between objects in one figure is the same as the relative Sze between the
corresponding objects in the second figure. In particular, in Smilar figures, ratios of lengths of objects
are preserved. They will be able to use a (non-verticd) straight line in the plane to transform a straight
line ssgment on the x-axis into asmilar ssgment on the y-axis by >reflecting the line segment through the
line@ They will understand that the scale factor for this transformation is determined by thetilt of the line
(and vice versa). They will understand what dilations and translations are geometricaly and they will
have developed experimenta evidence of the fact that dilations of figures produce smilar figures (but not
al amilar figures Acome fromil the process of dilation). They will understand and explain why, for
example, Azooming ind on a computer screen or agraphing caculator screenisadilation. They will be
able to represent dilations and trandations geometricaly, usng words, using tables, usng arrow
diagrams, and using symbolic expressons for the transformation of coordinates when the dilation of a
two dimensiond object occursin a coordinate plane. They will know that adilation is characterized by
afixed center and aAmagnitudel (scae factor). Given two-dimensond figures which are related by a
dilation, sudents will be able to find the dilation or given afixed center, they will be adle to consgtruct the
composition (the word is not used, yet) of a dilation followed by atrandation which relate the two
figures. They will understand the importance of precison (and of not rounding intermediate calculations)
in some gpplications of Ascding.i. Students will be able to approximate areas in irregularly shaped
figures using at least five Strategies. circumscribed/inscribed rectangles, counting squares on agrid, the
Adot@ method (modified square counting), a Monte Carlo method of square counting, and, for digitized
images, pixel counting. They will be able to explain advantages and disadvantages of each. They will
undergtand the limitations of Adigitizingd red images (pixels represent infinitdly many points, for example).

Probability/statistics: Students will explore the use of the mean as a predictor in one-dimensiona
datasets. Students will have some strategies for looking for associations between two variables. Such
grategieswill include the use of dot plots (line plots), scatterplots, and bar graphs. They will be able to
describe some associations between two variables in terms of form (such as linear), direction (such as
positive or negative dope), and strength.  Students will have developed Strategies with regard to when
to suggest linear models and how to test such linear model s between two variables based on data



collected for the two variables. They will be able to use such models to make predictions and use
mathematical concepts to explain whether or not they fed such predictions are reasonable. In particular,
they will investigete criteriafor determining aline that Abest fits) the data on a scatterplot. Several
candidates for such lineswill be investigated. These candidates include but are not limited to the
regression line (determined by least squares andysis). Students may suggest their own procedure for
selecting linear candidates. They will investigate criteria that support a strong linear relationship between
two variables. Such criteriawill include, but is not limited to, looking for certain random peatterns
exhibited by prediction errorsin aresdud plot together with the sum of these errors. Standard
(Pearsors) corrdation coefficients may or may not be studied. But, sudents will investigate how
variability (soread) in the data affects precision in conclusons and understand that precisonisaso
dependent on the qudity of the data. In addition, students may develop their own criteriato be used to
support alinear relationship. They will aso investigate examples concerning when not to use
scatterplots to help determine relationships between variables. They will look at relationships between
two varigblesin terms of an explanatory variable and aresponse variable. In addition, students will
be able to investigate and explain effects of outliers on the regresson line. Students will investigate
sampling to determine a population trait. They will see that varigbility in samplesislinked to sample size
and that the larger the representative sample Sze, the less the (relative) variability. They will use severd
methods to collect data, including smulation (with manipulatives and technology). They will explore
severd issues of imperfect testing including sensitive questions (possibly resulting in dishonest responses)
in subjective surveys and fase positives (and negatives) in objectivetests. They will know, be able to
use, and have developed dgebraic reationships and drategies to andyze information collected using
Warner=s randomized-response technique to mask responsesin sendtive question surveys. They will be
able to use tables, graphs, and glyph diagrams to represent data. They will be able to use Atwo-way(
tables and percentages to examine relationships between two characterigticsin a population. Students
will be able to evauate and compare linear, exponentid, and quadratic modes of data by examining
resduas. They will be able to perform linear, exponentia, and quadratic regression using the caculator.
They will be able to distinguish any differences between the domain of alinear, exponentia or quadratic
model and the domain of the Stuation it represents.

Students will interpret probability as the long-term frequency of the occurrence of an event. They will
know and be able to use the terms mutually exclusive events. The will understand two events as
complementary if, under given circumstances, at least one of the two events must happen, but both
cannot happen at the sametime. They will understand the probabilistic rel ationship between
complementary events. They will understand conditiona probakility in terms of aredtricted sample
gpace (termisnot used). They will understand that two events are independent if the unconditioned
probability of one event is the same as the probability of the same event conditioned by the other event.
They will be able to use tables, area modds, and tree diagrams to represent probabilities. (Most tree
diagrams are binary trees. However, some situations involve more splitting.) Studentswill see that
relationships between events often trandate into computationa tools. They will have developed alinear
model relaing the fraction of the population with atrait and the fraction of positive test results obtained
from an objective test. They will be able to use this mode to estimate the percentage of a population
with atrait given the percentage of positive test results (and vice versa). They will be able to explain the
meaning of the dope and the y-intercept in the context for thismodel. They will have developed



knowledge that this model depends on the probability that the test correctly detects the trait (p) and the
probability correctly reports the absence of thetrait (r). Furthermore, they will have developed a model
involving arationd function (in this case, the quotient of two linear functions) relating the effectiveness of
the objective test and the actud percentage of the population that hasthetrait. They will have redized
that the effectiveness of the test increases as the percentage of the population with the trait increases.
Students will know and be able to use a strategy for determining the likelihood that an individud has a
trait if an objective test for that individud is pogitive. The Srategy is Bayesan andyss (that term is not
used and the Strategy is not formally stated). Students will be able to determine the expected value for a
given Stuation and interpret its Sgnificance.

Discrete mathematics. Students will have explored and understand severa voting methods and their
flaws. In particular they will have andyzed plurdity voting, the runoff method, the (Borda) point system,
the sequentia runoff method, the Condorcet method, and gpprova voting. They may have proposed
additiond aternatives. They will aso have examined insincere voting in conjunction with some of the
aforementioned voting methods. They will be adle to examine such voting methods using preference
diagramsand runoff diagrams (using digraphs). They will aso be able to use matrices for organizing
data and bookkeeping with regard to voting scenarios. They will be able to examine voting Stuations
using actua numbers and percentages and be able to compare these approaches. Students will be able
to modd moation by implementing a discrete model with a computer program (at, least using the resident
language of a graphing caculator). They will understand and be able to use some of the basics of
programming such as loops, iteration, counters, and accumulators.

Mathematical reasoning/modeling/logic: ~ Studentswill develop a deep sense of the mathematical
modeling process throughout the curriculum. They will know and be able to use a modding process
cydicdly built on four seps clearly identify the situation: pose awdl-formed question; smplify the
situation: list the key festures you wish to congider and assumptions on which the mode will rest using
as smple amodel as possible and decide on what to measure for evidence to support the modd; build
the mode: interpret in mathematica terms the features and relations you have chosen, define variables,
equations, draw shapes, gather data, measure objects, etc.; evaluate and revise your model: seeif
your mathematical work makes sense, Atest drive() the modd by examining red and imagined casesto
seeif it fits the Stuation or aset of criteriayou specified satisfactorily. If it does, use the modd until new
information suggedtsit be changed. If not, reconsider the assumptions and revise the modd. (Different
parts of the above process are studied, firg, at different times) Asan additional outcome of this
process of criticism, students will understand the difference between universal satements and exigtentia
gatements. They will understand the advantage of multiple representations of idess. That is, that some
representations demonstrate some aspects of a situation better than others do. For instance, students
will see the power of algebraas away of coding information in some Stuations. Additiondly, they will
understand that it often helpsto look at severd representations of aSituation. They aso will understand
that modeling depends on the qudity of the measurements collected. Furthermore, they will understand
that function modd s often are vauable over alimited domain. They will understand the vaue of
Admplicity@ in modeling. They will recognize the value in checking that what they are doing makes sense
both mathematicaly and contextudly. They will further recognize that making assumptions includes
assumptions about the irrdlevancy of some information. Students will focus on modds that Achange only



onething a atimefl Furthermore, they will undersand the vaue of hand tracing and some cadculaion in
models that depend to some degree on technology.

Course 2

Algebra/number /function: Students will degpen their understanding of dgebraic inequalities, solving
smple ones. They will understand and be able to use absolute vaue notation (especidly asit relatesto
distance on the numberline). They will be able to solve smple absolute vaue inequalities such as *x-
3*<5. They will understand how the control numbers, a, h, and k effect the graphs of functions of the
form f(x) = a*x-h* + k. They will be able to trandate functions expressed as sums of such functions
(wherea =1 and k = 0) into piecewise linear representations. (They will understand the concept of a
Asumi of functions)) Students will encounter geometric, growth, and motion modeling problems that
lead to quadratic function modds. Students adso will have consderable experience modding severd
types of growth Stuations using recurrence relations and closed-from agebraic expressons (involving
response and explanatory variables). They will continue to degpen their understanding of additive
relations (p.+1=pn + d) and multiplicative relaions (p+1=bpn) and their corresponding closed-from
expressions (y=dx +c and y=cb", respectively). They will understand and be able to recognize mixed
growth models (pn+1=bp, +d) and the corresponding closed-form expresson. They will be able to
associate patterns and characteristics which are revealed by plots such as p, Versus pr1; pn- Pn1 Versus
Pn-1; (Pn- Pr-1)/Pr-1 VErSUS py; €tc. for each of these sequences They will dso study sequences of partia
sums, such as adding the terms of an arithmetic sequence and adding the terms of a geometric sequence.
They aso will study the corresponding closed-form expressions for these sequences of partid sums.
The closed form isa quadratic in the first case and a (vertically) trandated exponentia function in the
second. Students will aso understand and be able to use many other representations in modeling
problems such as web diagrams, time-series graphs (p, versus n), and sgn-post graphs. They dso will
be able to characterize and utilize tabular representations obtained from first differences, second
differences, and ratios of successive terms related to linear, quadratic, and exponential models,
respectively. They will be able to use characteristics of such modelsto help choose appropriate models
for Stuations. They will sudy effects of the control numbers (such asb and d in the recursive
expressons above). They will study the concept of equilibrium (where ph.+1=p, for dl n) and be able to
find equilibriain some cases. In addition, for some specific models, they will discuss stability of an
equilibrium. Students are introduced to alogarithm as an inverse function for an exponentid function,
viewing the logarithm as atool for solving exponentid equations.  They will focus primarily on the
common logarithm (base 10). However, they will discuss how logarithms with other bases are related to
the common logarithm. (Through exercises, sudents will develop common properties of logarithms,
athough these properties are not stressed in future content.) Students will modd severa types of motion
with algebraic equations and graphs. For ingtance, they will know and be able to explain why alinear
function isagood modd of a distance versus time graph for an object moving in a sraight line with
congtant velocity. They will be able to explain the control parametersin such alinear modd in terms of
velocity and disance. Similarly, they will be able to mode an object with a non-congtant velocity, but
with congtant acceleration (such as afaling object or an object thrown upward under the influence of
gravity, ignoring air resistance) usng a quadratic equation. They will be able to explain the control



parameters in terms of the motion of such an object. They will understiand the meaning of negative
veocity. They will be able to find an function which modds such motion (i.e. aquadratic) using at leest
two method: solving a system of equations resulting from knowing three points on the quadratic curve
and using technology to produce a quadratic regresson modd. Students will have an understanding of
average velocity of an object over atimeinterva and they will have an intuitive undersanding of
ingantaneous velocity. They will be able to connect the concepts of firgt differences and second
differences to average velocity and average acceleration. They will also be able to connect the concept
of instantaneous velocity with the geometric concept of the Adope of acurve at apoint.) They will have
at least two methods to find the dope of the curve at a point: they will be able to use technology to
zoom in until the curve looks straight, determine two points on the curve, and determine the dope of the
line through these two points (giving an approximation); and they will be able to use symmetric
difference quotients with linear and quadratic models of motion to find the instantaneous velocity a a
gpecific point and a a generd point (Symmetric differences give the exact ingantaneous value for these
types of functions). They will have experience examining the effect of air resstance by comparing
quadratic modes with piecewise quadratic modds on faling objects. In addition, students will have
experience usng parametric egquations to bresk the maotion of an object in aplaneinto its vertical and
horizontal components. They will have experience relating these equations to the graph of the position
of the object in the plane.

Geometry/trigonometry: Studentswill have significant experience working with anew metric (fire
truck distance, aso known astaxi cab or Manhattan distance) on the set of integer lattice pointsin the
coordinate plane. They will be able to explain the Ashapell of circles and dlipses usng this metric. They
will dso know that there is not a unique shortest path between two points in geometry with this metric.
They will have experience solving problems related to distance in this new geometry and its one-
dimensond andog. They will develop and be able to explain and compare different dgorithms that
determine apoint or set of points that minimizes certain distance combinations. One of these dgorithms
will require minimizing aset of maxima disances. Thdt is, the dgorithm involves finding a minimax
solution. Students will deductively develop severd dementary plane geometry resultsincluding the
Pythagorean Theorem. They will deductively study other theorems including: the sum of angle measures
in atriangleis 180°% vertical angles are equa; and the length of the side opposite the 30° angle in a 30%-
60°-90° right triangle is half the length of the hypotenuse. They will have moddling experience applying
geometric results and line symmetry to circle-packing problems such as minimizing the amount of
packaging materid (perimeter) utilized to package a given number of circles (concentrating on circles of
the same size) or maximizing the ratio of area covered by the circlesto the area of the Acontainer.;. The
concept of Aaspect ratiofl is aso encountered.  Students will have experience modeling proximity
problems using Voronoi Diagrams (i.e. dividing up polygond regions, each containing Acenters of
influencell into regions determined by proximity to the centers). They will be able to gpply geometric
knowledge in determining the boundaries of Voronio regions, which consgst of line ssgments on the
perpendicular bisector of the segmentsjoining two centers. The will have avariety of ways to construct
such diagramsincluding straight edge and compass, reflecting plexiglas mirrors, paper folding,
coordinate geometry (with systems of two equations to determine the Voronoi vertices) and software
drawing utilities. They will be able to determine the area of Voronoi regions using triangulation, Pick=s
Theorem (unproved) Herorrs formula (unproved) and smulation. Conversdly, they will have two



drategiesto assg in determining the center of a domain divided into VVoronoi regions when given the
boundaries of the regions. They will understand and be able to use the (coordinate) distance formulain
the plane, the midpoint formulafor two points in the coordinate plane, and the relationship between the
dope of the segment between two points and the dope of the perpendicular bisector of the segment.
They will have some experience writing programs to do some of the stepsin Voronoi diagram
congruction.

Probability/statistics: Students will have experience tying statistical measures (the median of aset and
the midrange (range between the minimum and the maximum of a data s&t) to problemsin geometry.
They will be able to create probahility distributions and find the expected payoff to the row player in
two-person games involving mixed drategies.

Discrete mathematics. Students will have congderable experience modeling certain red world
decison-making Stuaions usng game theory modeds. That is, they will represent these Situations by
organizing information in payoff matrices. They will be able to classfy these modds as one of four
types. zero-sum (or constant-sum) strictly determined games, zero-sum (or constant-sum) not
strictly determined; non-zero-sum (non-constant sum) with adilemma; and non-zero-sum (non-
constant-sum) without dilemma. (They will aso compare some of these game theoretic
representations with other representations using tree diagrams and weighted vertex-edge graphs sudied
in Course 1.) Students will explore these four game mode types through actud play and through
computer (cdculator) Smulation using different strategies. They will investigate patterned srategies and
random drategiesin an effort to optimize their payoff. They will eventualy conjecture (based on data
collected from play) and justify (usng symbolic andyss) a procedure for finding optima Strategies for
Zero-sum two person games.  The procedure requires solving a system containing two linear equations.
In the process they will study game equilibria, the value of the game, and the concept of fair games.
(Note that while students will have experience trying to optimize strategies in non-zero-sum games with
adilemma, such investigation is still a subject of current mathematica research.) Students will have
congderable experience using vertex-edge graphs to mode red-life stuations involving some type of
Aconnectioni between objects and discuss the advisability or vaue of using such representations in some
indances. These stuations will include compatibility, conflict, traveling sdesperson (TPS), and matching
gtuations. They will have experience converting Stuations from some tables to vertex-edge graphs and
vice versa. Students will have congderable experience developing, writing, and critiquing adgorithms
relating to optimization problemsin Graph theory. They will discuss properties of aAgoodd agorithm
(e.0. easy to undergtand and implement, efficient, and aways produces an optima solution). In addition
to creating their own agorithms, students will encounter existing agorithms such as Kruska-s Algorithm
and Prinmes Algorithm for finding minimal spanning trees; the Nearest Neighbor and Brute Force (list dl
possible routes and pick a shortest one) algorithms related to the TSP, and the Gae-Shapley Algorithm
for stable matching. They will aso work on unsolved problems related to vertex coloring and the TSP
problem. Studentswill be familiar with graph theoretic vocabulary such as digraph, weighted graph,
bipartite graph, connected graph, tree, spanning tree, cycle, Hamiltonian cycle, complete graph, degree,
and subgraph.



Mathematical reasoning/modeling/logic: Students will degpen their understanding of mathematica
modeling (See Course 1). They will especialy have degper experience formulating criteria, finding
solutions to Smpler Stuations and then extending to more genera Stuations while defending and
justifying their work. They will dso have experience developing more than one modd (based on
different criteriaresulting from different interpretations) for a given stuation. They will dso understand
that moddling is a cyclic process, where, in some cases, when one compares results from amode with
the red dtuation, theinitid modd isrgected. Studentswill degpen their ability to choose
representations (e.g. tables, graphs and pictures, and symbolic representations) that provide information
and ingght at various stages in the modeling process. They will degpen their understanding concerning
which questions in a context are mathematica and which are not. They will have experience developing
Acounterexamples) to clams that some dgorithms in graph theory produce optima solutions. Students
will use both inductive reasoning (to formulate conjectures) and deductive reasoning concerning
geometric results. They will discuss the imprecison caused by hand measurement and dectronic
drawing utilities and understand that even smdl errors can become significant. They will discuss the
vaue of deductive proof (such asit eiminates imprecison caused by physicd measurement) and the
Amethod of generdizationi (basicaly, solving agenerd problem by utilizing variables rather than a
gpecific problem involving actud numerical measurements.) Students will understand what an iterative
processis. They probably aso will encounter and understand what a programming Aloopl is.

Course 3:

Algebra/number ffunction: Studentswill develop dgebraic formulas and expressons for many
modeling Stuations. For example, they will develop algebraic formulas related and procedures for
imaging three-dimensiona objects on atwo-dimensiona plane. Asasecond example, they will develop
severd (symbalic) functions to model monetary flow (revenue, cog, profit, profit margin) related to the
operation of asmal manufacturing business. In thistype of modding, students will strengthen their
ability to use linear, quadratic, and piecewise-defined functions. They will dso creste and andyze (in
terms of optimization, for instance) rationd functions (with asymptotes) and step functions. In addition,
they will creste and utilize arithmetic combinations of such functions. Students aso will creete some two
and three variable, red vaued functions in modding stuations, like f(x,y,z) = 32.19x +38726.5y +
25000int(x/2000), where the expression int() refersto the grestest integer function. They then will
gpply the srategy of holding dl but one variable congant and andyzing what a change in the remaining
variable doesin the modd and in the context. (C.f. Course one, where the models created were only
onedimensond.) Studentswill beintroduced to the term hyperbola as it relates geometricdly to a
conic section and symbolicaly to function of the form f(x) = alx. Students will justify the geometric
mean-arithmetic mean inequdity and be able to use it to minimize certain functions. (The GM-AM
inequality that saysthat GM #AM). They will srengthen their ability to use closed form formulas for
arithmetic sequences. They will create and use expressions such as Pa/Q(g(s+1)). They will solve
rationa expressons such as A/x =B for x. They dso will create and utilize, and solve smple agebraic
inequdities (some involving quotients).



Geometry/trigonometry: Students will be able to represent the image of three-dimensiona objects on
atwo-dimensiond plane using mathematical concepts related to five perspective drawing dements:
overlgpping, diminution, convergence, sngle and multiple vanishing points, and foreshortening. They will
enhance their understanding and ability to work with properties of smilar figures and associated
concepts of ratios, proportions and scaing. They will aso know that two triangles are smilar if and only
if the three angles of one of the triangles can be put into correspondence with the three angles of the
other triangle in such away tha the measures of the corresponding angles are equa. Students will dso
know, understand why, and be able to use some geometric properties of paralelograms, rectangles, and
trgpezoids. For example, they will know that the diagonals of arectangle intersect at a point equidistant
from opposite sides. They will be able to use and describe the “convergence’ of perspective
representations of some three-dimensiond pardld linesin atwo-dimensond plane. They will begin the
study of trigonometry based on properties of right triangles by encountering the sine, cosine and tangent
functions as retios of lengths of Sdes of aright triangle. Angles are measured in degreesin these
contexts. They will pay particular attention to trigonometry related to 30°-60°-90° and 45°-45°-90°
right triangles. They will know some simple trigonometric identities such as sinx = cos(90°-x) and tanx
= sinx/cosx (0<x<90%). Studentswill model phenomenathat oscillate. They will generate verbd,
graphicd, and symbolic descriptions/characterizations of oscillating data. They will understand and be
able to use the concept of periodic data. They will understand the “circular”
characterizations/definitions of the sne and cosine functions. They will understand how these circular
characterizations relate to and extend definitions of the sine and cosine based on right triangles. They
have experience using these functions (and arithmetic combinations of them) to characterize periodic
phenomena. They will understand the concepts of amplitude and phase shift. In fact, they will be gble
to describe verbally and graphicaly what each of the parameters (or “control numbers’) A,B,C, and D
doesin expressons like f(x) = Asn(B(x-D)) + C. They will aso be able to describe, create, and
interpret functions in modeling Stuations comprised of the sum of alinear and asnusoidd function; fitting
some such combinations to data that has a periodic component and alinear trend.  They will have
experience grgphicdly “adding” some ostillating functions with different periods and amplitudes together
and describing what happens. They will understand radian measure and be able to convert from radian
measure to degrees and vice versa. They will know some trigonometric identities related to radian
measure such as cog(t) = sin(t + B/2). Using symmetric differences, they will also understand the cos(t)
as ameasure of the ingantaneous rate of change (intuitively defined) of the sin(t). They will sudy
damped oscillation, damping factors and envelopes. They will be able to create symbolic
representations modeling some damped oscillating Stuations.

Probability/statistics: Students will discuss many issues and develop tools for stepsin the entire
datigicd sampling process: writing a questionnaire, selecting a sample design, adminigtering the
questionnaire, compiling the data, analyzing the results, and writing areport. (Moreover, they will have
experience with the process from sart to finish.)  They will degpen their ability to andyze datain tables
and graphs. For example, students will be able to use cross-tabulation as an andysstool. They will
understand how wording and information within a question and question ordering can manipulate
responses on a questionnaire and introduce one form a bias. They will understand the concept of
datigticd sampling (and bias issues related to sampling techniques). They will have experience with a
variety of sampling techniques (including smple random samples (SRS s), systematic samples, cluster



samples, dratified samples, saf-sdecting samples, and convenience samples); seeing what happens
when such sampling techniques are gpplied to a known population. They will understand (Setigtical)
variability due to sampling. They will have experience determining a sample design, which includes
identifying the target population, cresting a frame (complete listing), and sdlecting a sampling technique.
They will have in depth experience examining Smple random samples from populationsin order to
detect and measure a specific trait (i.e., infer the proportion of a“yes-no” characteridtic) ina
population. They will understand the concepts of “point estimates’ (e.g. a sample percentage as a point
edimate of the population percentage) and “interval estimates’ (e.g. confidence interval) for the
percentage of a population with a particular trait. They will use Smulation and other meansto acquire
“reference digributions’ of likely sample compositions of fixed sample size and a fixed population
composition. They will be introduced to the descriptive terms unimodal, multimodal, and skewed as
they refer to the shape of histograms. They will understand and be able to apply the concept of a
confidence interval asameans of establishing upper and lower bounds on the percent of a population
with a specific trait (concentrating mostly on 90% and 95% confidence intervas). They will understand
the effect of sample sSze on the Sze of confidence intervals. They will understand and be able to use the
concept of margin of error. They will dso have a“rule of thumb” for margin of error for a 95%
confidence interval and samplesizen 3 100; namely 100%/Q(n). (They will have amore generd rule
provided that the sample proportion and sample size together meet certain conditions,) Students will
understand the term statistical significance. For example, they will be ableto tdl if two point
estimates are significantly different by examining the 95% confidence intervals around each estimate.
They will examine who sample sze effects gatisticd sgnificance and investigate some sengtivity related
to thismeasure. They aso will be able to utilize severd of the datistical concepts mentioned above with
the Peterson Capture-Recapture method (and, possibly, some of this method' s variants) to estimate the
(unknown) size of a population.

Discrete mathematics. Studentswill create and examine existing dgorithms related to fair
gpportionment in avariety of (discrete) situations including the gpportionment of identica objects and
gpportionment of non-identical objects. In the process they will examine the concept of fairness
including the development of various criteria upon which to judge fairness (e.g. lack of bias and lack of
guota violation) and some quantitative measures of fairness (such as an index of unfairness). They will
andyze, compare, and contrast severd House of Representatives seat gpportionment agorithms,
including those of Hamilton, Jefferson, Webster, Adams, and Hill. In the process, they will examine
severd “rounding” rulesthat digtinguish these methods.

Students will be able to use recursive time-series models to describe some types of interaction between
variables. A predator-prey models serves as an example of atwo-variable Stuation. They study
“compartment models,” e.g., an S1-R mode of the spread of a disease as the compartments of a
population (* Suseptibles, Infecteds,” and * Recovered”) interact with each other.  The former
conditutes athree-variable system. Ina“smpler” one-variable example of a population interacting with
itsdf (“feedback”), students study the recursive logistic modd of constrained population growth. In
some modeling Stuations students will develop the recursive formulas for the modd.  In more
complicated, multi-variable cases, sudents will be given the recursive equations and then andyze the
resulting system. For ingtance, in the single variable case and using a data table, sudents will know and



be able to use a graph of the (absolute) rate of population change (e.g. P(n+1)-P(n) versus n or versus
P(n) ) or the rdlative rate of change ((P(n+1)-P(n))/P(n) versus P(n)) to recognize and develop
recursive formulas for linear, exponentid, and logistic growth. Furthermore, they will be able to
interpret the parameters (control numbers) in recursive expressions (e.g. the parametersk and M in the
expresson P(n+1) — P(n) = kP(n)(M-P(n))). They will dso be able to use causal-loop diagrams
(CLD’s), to assst them in determining interactions between components of asystem. Students will
understand the concept of joint proportionality in recursve sysems. They will understand the
concepts of carrying capacity and intrinsic growth rate with regard to logistic growth and they will
have methods to help them determine these quantities in some contexts. They will dso understand
concept of asystem equilibrium and be able to determine one or more equilibriaof ain some
ingtances. In two-dimensiond systems, they also will understand and be able to use the concept of a
phase-plane in the andysis of the behavior of the system.

Mathematical reasoning/modeling/logic: Students will enhance their abilitiesto creste and effectively
use multiple mathematica representations (graphica, tabular, symbolic and verbd) of red world
Stuations, understanding the vaue of each representation in the particular context. They will continue to
utilize the mode process described in this section under the Course 1 heading above. Thiswill include
cydicdly revisting the four phases of this modeling paradigm as sudents more from a smplified Stuation
to amore complex one. Some of the functions students creste will occur as aresult fitting curvesto
data: looking at graphica patterns, selecting types of functions to usg, fitting these types to the data using
technology and by hand, and examining resdua plots—and in one case, second differences. However,
then these functions are andyzed (and possibly refined) from the point of view of what the function say
about the context or the modeling assumptions. In addition, such anadlys's helps students sdlect among
competing function models. Students aso have experience weighing competing agorithms (e.g. voting
gpportionment agorithms) againg condraints (eg. minimizing unfairness). Students will enhance their
reasoning skillsin many situations, for ingtance, as they andyze paradoxes relaed to fair gpportionment
agorithms. In severd Stuations throughout the year, Sudents examine “ sengtivity” of some mode parts.
E.g. “how well does the modd fit if we diminate the X* term with the small coefficients?’ or “how
many more people would have to have said *yes in order for the estimated difference to be Satisticaly
ggnificant?’ In asummary unit, students select a Stuation to be modeled, create amodel, and write a
descriptive and analytica report as well as possibly make a presentation. The unit also contains
opportunity to criticize/andyze other modeling reports usng assessment criteria that the students create
(and refine) themsalves and which ded with the internal (mathematical vaidity and correctness,
sengtivity, etc.) and externd (alignment of conclusions with redlity, etc.) accuracy of the modd. Students
will experience the power of agebraas away to eiminate the need for multiple-guess techniques to find
asolution.



